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^ ■ Abstract We consider models with nearest-neighbor interactions and with the set 
[0, 1] of spin values, on a Cayley tree of order k > 1. We study periodic Gibbs measures 

^ I of the model with period two. For k = 1 we show that there is no any periodic Gibbs 

pLn ! measure. In case k > 2 we get a sufficient condition on Hamiltonian of the model with 

' uncountable set of spin values under which the model have not any periodic Gibbs mea- 

^ • sure with period two. We construct several models which have at least two periodic Gibbs 

^ . measures. 
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1/-^ ■ 1 Introduction 

o : 

^ ! The structure of the lattice (graph) plays an important role in investigations of spin 

^ I systems. For example, in order to study the phase transition problem for a system on Z'^ 

' and on Cayley tree there are two different methods: Pirogov-Sinai theory on Z'^, Markov 

' random field theory and recurrent equations of this theory on Cayley tree. In [1-5,8,11- 

. 13, 15-17] for several models on Cayley tree, using the Markov random field theory Gibbs 

^ ! measures are described. 

I These papers are devoted to models with a finite set of spin values. Mainly were 

shown that these models have finitely many translation-invariant and uncountable num- 
bers of the non-translation-invariant extreme Gibbs measures. Also for several models 
(see, for example, [6,8,12]) it were proved that there exist three periodic Gibbs measures 
(which are invariant with respect to normal subgroups of finite index of the group rep- 
resentation of the Cayley tree) and there are uncountable number of non-periodic Gibbs 
measures. 

In [7] the Potts model with a countable set of spin values on a Cayley tree is consid- 
ered and it was showed that the set of translation-invariant splitting Gibbs measures of 
the model contains at most one point, independently on parameters of the Potts model 
with countable set of spin values on the Cayley tree. This is a crucial difference from 
the models with a finite set of spin values, since the last ones may have more than one 
translation-invariant Gibbs measures. 

In [3], [4], [13] models with an uncountable set of spin values are considered. Our 
paper is continuation of these papers. 

The paper is organized as follows. Section 2 introduces the main definitions. In 
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Sect. 3 we prove non-existance Gibbs measures with period two on Cayley tree of order 
one. In Sect. 4. the Hammerstein's nonhnear integral equation is presented. In Sect. 5. 
we give a sufficient condition on Hamiltonian of the model have not any periodic Gibbs 
measure. In Sect 6,7 and 8 the existance of at least two periodic Gibbs measures for 
several models with uncountable set of spin values are proved respectively in cases k = 2, 
k = 3, k > 4. In Sect. 9. the existance of at least four periodic Gibbs measures for the 
models with uncountable set of spin values are proved in cases k > k^. 



2 Preliminciries 



A Cayley tree V'^ = {V,L) of order A; > 1 is an infinite homogeneous tree, i.e., a 
graph without cycles, with exactly k + 1 edges incident to each vertices. Here V is the 
set of vertices and L that of edges (arcs). 

Consider models where the spin takes values in the set [0,1], and is assigned to 
the vertexes of the tree. For A G V a configuration on A is an arbitrary function 
aA '■ A ^ [0, 1]. Denote = [0, 1]^ the set of all configurations on A. A configuration a 
on V is then defined as a function x & V a{x) e [0,1]; the set of all configurations is 
[0, 1]^. The (formal) Hamiltonian of the model is : 

H{a)^-J (2.1) 

{x,y)(iL 

where J E R \ {0} and ^ : {u, v) G [0, 1]^ — > C,u,v G i? is a given bounded, measurable 
function. As usually, {x, y) stands for nearest neighbor vertices. 

Let A be the Lebesgue measure on [0, 1]. On the set of all configurations on A the a 
priori measure is introduced as the \A\ fold product of the measure A. Here and further 
on 1^41 denotes the cardinality of A. We consider a standard sigma- algebra S of subsets 
of f2 = [0, 1]^ generated by the measurable cylinder subsets. A probability measure /i on 
(r2, S) is called a Gibbs measure (with Hamiltonian H) if it satisfies the DLR equation, 
namely for any n = 1,2, . . . and (T„ G Qvn- 

J it 

where i/^r is the conditional Gibbs density 



"n+l 



and ^ — ^, T > is temperature. Here and below, Wi stands for a 'sphere' and for a 
'ball' on the tree, of radius I — 1,2, . . ., centered at a fixed vertex x^ (an origin): 

Wi = {xeV : d{x, x°) = /}, Vi = {xeV : d{x, x°) < /}; 

and 

Ln = {{x, y) e L : x,y e Vn}; 

distance d{x, y), x,y G V, is the length of (i.e. the number of edges in) the shortest path 
connecting x with y. flvn is the set of configurations in Vn (and flw„ that in Wn, see 
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below). Furthermore, a\,, and u\„, denote the restrictions of confiffurations a, w G f2 
to Vn and Wn+i, respectively. Next, (T„ : x E Vn ^ is a configuration in and 

H (a„ \ \uj\ 



^ is defined as the sum H {an) + U ^cr„, where 

{x,y): x&Vri,y&W„+i 

Finally, Z„ ^a;|^ stands for the partition function in Vn, with the boundary condition 



UJ\ 



Wn+l' 



Due to the nearest- neighbor character of the interaction, the Gibbs measure pos- 
sesses a natural Markov property: for given a configuration ojn on Wn, random config- 
urations in Vn-i (i.e., 'inside' Wn) and in y \ Vn+i (i.e., 'outside' Wn) are conditionally 
independent. 

We use a standard definition of a periodic measure (sec, e.g. [9], [15]). The main 
object of study in this paper arc periodic Gibbs measures for the model (2.1) on Cayley 
tree. In [13] the problem of description of such measures was reduced to the description of 
the solutions of a nonlinear integral equation. For finite and countable sets of spin values 
this argument is well known (see, e.g. [1-7, 9-10, 15-17]). 

Write X < y if the path from x^ to y goes through x. Call vertex y a direct successor 
of a; if 1/ > X and x, y are nearest neighbors. Denote by S{x) the set of direct successors 
of X. Observe that any vertex x ^ x^ has k direct successors and x^ has /c + 1. 

Let /i : X eV ^ h^^ {ht,x, t e [0, 1]) e be mapping of x e V \ {x°}. Given 
n— 1,2,..., consider the probability distribution //^"^ on Qv„ defined by 



(an) = Z-^ exp I -/3H{an) + J2 ^-(^).- ) • (2-2) 



Here, as before, an x & Vn ^ a{x) and Zn is the corresponding partition function: 

Zn 

The probability distributions //^"^^ are compatible if for any n> 1 and e ^v„-i' 

//(")((7„_i V UJn)XwMM) = /x("~'H^n-l). (2.4) 



/ exp I -l3H{an) + h^{x),x \ Ay„((7„). (2.3) 



I 



Here an-i V a;„ e Jly„ is the concatenation of an-i and a;„. In this case there exists a 
unique measure /x on Qy such that, for any n and an £ ^ ^ { l 



Vn 



= 0-n M = /^^"^(^" 



Definition 2.1 The measure ^ is called splitting Gibbs measure corresponding to 
Hamiltonian (2.1) and function 
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The following statement describes conditions on hx guaranteeing compatibility of 
the corresponding distributions /x*^"^((Tn). 

Proposition 2.2[13] The probability distributions /U^"'^(cr„), n = 1,2,..., in (2.2) 
are compatible iff for any x & V \ {x^} the following equation holds: 

n l^^5m^iz|M|^. (2.5) 

y€S{x) Jo exp{J/3Co,u)f{u,y)du 

Here, and below f{t,x) = exp{ht,x — ho^x), t G [0,1] and du = X{du) is the Lebesgue 
measure. 

From Proposition 2.2 it follows that for any h — {h^ G R^^'^\ x e V} satisfying 
(2.5) there exists a unique Gibbs measure /i and vice versa. However, the analysis of 
solutions to (2.5) is not easy. This difficulty depends on the given function ^. 

X & V is called even (odd) if d{x,Xo) - even (odd). In this paper we shall study 
special periodic solutions to (2.5), which are in the form f{t,x) ~ f{t) if x - even and 
f{t,x) — g{t) if a; - odd. For such functions equation (2.5) can be written as 

VJo K{0,u)g{u)duj yj^ K{Q,u)f{u)du J 

where K{t,u) = exp( J/3^J, /(t), ^(t) >0,t,ue [0,1]. 
We put 

C+[0, l] = {ipe C[0, 1] : ip{x) > 0}. 
We are interested to positive continuous solutions to (2.6), i.e. such that 

f,ge Co+[0, 1] = e C[0, 1] : <p{x) > 0} \ = 0}. 
Define the operator Ak : C^[0, 1] Co+[0, 1] by 

k 



(wfm 



, A;eN, 



.(^/)(0). 

where W : C[0, 1] C[0, 1] is linear operator, which is defined by : 

{Wf){t)= [\{t,u)f{u)du, (2.7) 

and defined the hnear functional a; : C[0, 1] — >■ i? by 

^(/) = (W/)(0) = [' K{0,u)f{u)du. 
Jo 

Then Eq.(2.6) can be written as 

Akf = g, Akg = f, f,geC+[0,l] (2.8) 
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3 Non Existence of periodic Gibbs Meeisures for the Model (2.1): Ceise k — 1. 

At first we are going to consider (2.8) for k — 1. The system of equations (2.8) is 
equivalent to linear equations 

{Wf){t)=w{f)g{t), {Wg){t)=w{g)f{t), f,geC+[0,l] (3.1) 

Lemma 3.1 Let {f,g) satisfies (3.1) with f 7^ g, So = sup{6 G (0, 00) : f — 6g > 0}. 
Then W{f - 5og) > 0. 

Proof We have f-Sog>0 W{f - Sog) > 0. Suppose W{f - Sgg) = then 

f-Sog = ^^^So, te[0,l]. 

For t = 

w{f) w[g) 
Then 5q — 1. This contradicts to f ^ g. Thus we have proved W{f — S^g) > 

Theorem 3.2 The system of equations {Aif){t) = g{t) , {Aig){t) = f{t) has not 
any solution {f,g) e (C+[0, 1])^ with f ^ g. 

Proof Let {fi{x),gi{x)) be a solution of the system of equations: 

{AJ){t)=g{t), {A,g){t) = fit). 

Then 

{Wf^){t) = w{f^)g^{t), {Wg^){t) = w{g^)f^{t). 

Put 

Xi = w{fi), A2 = w(^i) ^ Ai>0, ie{l,2}. 

Denote 

5i = sup{5 e {0,00) : f - 5g > 0}, 82 = sup{5 e {0,oo) : g - 5f > 0}. 
By Lemma 3.1 

Xi9(t) - X^SJit) = W(f - 5ig) > 0, 
X2f{t) - X^62g{t) = W{g - S^f) > 0. 

Hence 

There exists to, e [0, 1] such that ^2 = and 5i = Then 

9{t) ^ gito) A2 fit) fit,) Ai 

^ T77T = ^2 > 1-^1, —TT: > X = Oi > —62- 



fit) - fito) Ai ^' ^(t) - y(ti) A: 

Thus we have ^Si < S2 and ^^2 < Si this is a contradiction. 
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4 The Hammerstain's nonlinear equation. 

For every k e N we consider an integral operator Hk acting in C+[0, 1] as 

(HMt)^ r K{t,u)f{u)du (4.1) 
Jo 

li k > 2 then the operator is a nonlinear operator which is called Hammerstain's 
operator of order k. For a nonlinear homogenous operator A it is known that if there 
are positive solutions of the operator A then the number of the positive solutions are 
continuum. (see[10] , p. 186). 
Denote 

Mo = {^eC+[0,l] :(/p(0) = l}. 
Lemma 4.1 The system of equations: 

{Akfm = 9it), {Akg){t) = f(t) k>2. (4.2) 

has a positive solution iff the system of equations: 

{Hkf){t) = X,g{t), {Hkg){t) = X2f{t), k>2 (4.3) 

has a positive solution in (Mq)^. 

Proof Necessity. Let (/o,fl'o) G {C!q[0, 1])^ be a solution of the system of equations 
(4.2). We have 

{Wfom = w{fo)VW), {Wgom = H9o)</m- 
From this equality we get 

{Hkhm = Ai^i(i), {Hkgim = X2h{t). 

where fi{t) = -y/o(t) , gi{t) = go{t) and Ai = w{fo) > , A2 = w{go) > 0. It is easy 
to see that {fi,gi) e (Mq)^ 

SufRcicncy. Let k >2 and {fi,gi) G (Mq)^ be a solution of the system (4.3). From 
/i(0) = l,^i(0) = lweget 

1 = ^i(O) = (i/fe/i)(0) = «;(/f), 1 = /i(0) = (//fc5i)(0) = wigl). 

Then 

~ — TTV' 9i 



From this equalities we get Akfo = go, Afe^o = /o with /o = e C+[0, 1], ^0 = 5i e 
Co"[0, 1]. This completes the proof. 

Lemma 4.2 The system of equations (4.3) has a positive solution iff the system of 
equations: 

{HJ){t)^g{t), {H^gm^m, k>2 (4.4) 
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has a positive solution. 

Proof Necessity. Let (/o(^), fi'o(^)) be a positive solution of the system (4.3). Define 
functions: 

Then 
Put 

Ci = (Ai)^(AiA2)^, C2 = (A2)^(AiA2)^. (4.5) 

We have 

(u f\(+\ Ai(A2)^(AiA2)^ (AiAa)^ 

[Hkhrn = ^ ^ fi(^) = —9i{t) = 9i{t). 

Ar'(^i^2)^ (AiAa)^ 

Similarly we get 

Hkgi{t)^fi{t). 

SufRciency. Let {fi{t), gi{t)) be a positive solution of the system (4.4). We get 

m = CMt), go{t) = C2gi{t). 
where Ci, C2 are given in (4.5) It is easy to verify 

{Hkfom^XMt), {Hkgom^\2m, k>2. 
This completes the proof. 



Denote 



3C = I / e C+[0, 1] : M • min f(t) > m ■ max f(t) \ , 



where 



nH^^C[0,l]:^.(i)'''<,(,)<^^.(l)'S,*>2. 



M— max K(t,u), m= min K(t,u). 
t,«e[o,i]2 t,«e[o,i]2 



Proposition 4.3 Let k >2. Then 

a) i^fe(C+[0,l]) CX 

b) If (/o,^o) e (Co^[0, 1])^ is a solution of the system (4.4) then {fo, go) E (IP 



Proof a) Let ip G iffc(C'"'"[0, 1]) be an arbitrary function. There exists a function 
ip G C^[0, 1] such that (p — Hkip. Since (p is continuous on [0, 1], there are ti,t2 G [0, 1] 
such that 

V^min = min p{t) = p{ti) = {Hkti)){ti), 
te[o,i] 



</?max = max ipit) = ip{t2) = {Hk1p){t2). 

te[o,i] 



Hence 



</?min > m 



Jo 



'u> m 



J^i^ {U)du = — fmax, 



i.e. if E%. 

b) Let {f,g) G {Cq[Q, 1])^ be a solution of the system (4.4). Then we have 



where 
Hence 

Consequently 

By the property a) 
Consequently 

Also we have 
and 



<M\\g\\\ \\g\\<M\\f\\\ 



max I fit)\. 



<M^+'\\f\\' 



m 



f{t) > /min = min f{t) > 



fit) = {H,g){t) > m f g\u)du > mgt^ 
Jo 



git) = iH,f)it) >mf f\u)du > mf^^. 

Jo 

Then /^in > m^min , fmin > m/min =^ /min > w'^+Vmin 



1 \ ^ 

/min ^ I 



By the property a) 



m 



fit) < /max < —/min < " " 

m m \m 



Thus we have / G IPfc. Similarly one can prove that g E ^k- 

Lemma 4.4 Let f ^ g. Put 

5i = e [0, oo) : fit) - Sgit) e C+[0, 1]} 

and 

(^2 = sup{5 e [0, oo) : git) - 6 fit) e C+[0, 1]}. 
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If max{ 51,^2} > 1 then {f,g) € {Cq[0, 1])^ can not be solution to the system (4.4). 

Proof Let {fi,gi) e (Co"[0, 1])^ be a solution of system (4.4) and assume 
max{5i, ^2} — Si > 1 (the case max{5i, ^2} = S2 is similar). Then 

g{t) - 61 fit) = K{x, t){f{x) - Slg'{x))dx > 0. 
Jo 

There exists t3o G [0, 1] such that Si = j^- Moreover we have 

9it) 



m 

Then 



r fl'(^o) ^ efc , c 1 

It is clear that if 5i = 1 then f{x) — g{x). But this contradicts to f{x) ^ g{x). 

Theorem 4.5 Let {fi{t),gi{t)) be a solution of system (4.4) with fi ^ gi. Put 
fit) = /i(^) ~ 9i{t)- The function (f(t) changes its sign in [0, 1]. 

Proof Assume that fi{t) — gi{t) > (the case gi{t) — fi{t) > is similar). 
Consider 

V^^l\t) = fiit)-Sgiit), iff \t)=gi{t)-S flit), 5 e [0,00). 

Put 

51 = sup{S e [0, 00) : ip^l\t) e C+[0, 1]} 

and 

52 = sup{S e [0, 00) : ipf\t) e C+[0, 1]}. 

One can easily check that Si > 1. By Lemma 4.4 {fi{t),gi{t)) can not be solution of 
system (4.4). This contradicts our assumption fi(t) — gi{t) > 0. 

5 Non Existence of periodic Gibbs Meeisures for Model(2.1): Ceise k >2. 

Lemma 5.1 Assume function e C[0, 1] changes its sign on [0, 1]. Then for every 
a & R the following inequality holds 

WfaW > -^—rW^W, neN, 
n + 1 

where ipa = 'Pa{t) = ^fit) — a, t & [0, 1]. (see [3]. p. 9) 

Proposition 5.2 Let A; > 2. If the kernel K{t, u) satisfies the condition 



then the system (4.4) has not any solution (/, 5') in (C(J"[0, 1])^ with f ^ g. 
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Proof Assume that there is a solution {fi,gi) G (C'o'[0, 1])^- Denote h{t) = fi{t) — 
gi{t). Then by Theorem 4.5 the function h{t) changes its sign on [0, 1]. By Lemma 5.1 
we get 



max 
te[o,i] 



M^) + |(7i + 72) / f{s)ds 



1 

> - 
- 2 



where 



7i 



By a mean value Theorem we have 



m J 



-h(t)= / K{t,u)kC {u)h{u)du, 
Jo 

here ^ e C+[0,1] and 

mm{ f,{t),g,{t)} < ^ < max{f,{t),g,{t)}, t E [0, 1]. 
By Proposition 4.3 we have ^ e "J^k, i.e. 



m / 1 



M \M 



< m < 



M ( 1 



m \m 



,te[o,i]. 



Hence 
Therefore 

Then 



^l<K{t,u)^''-\u)<^2: t,Ue [0,1]. 



k ■ K{t,u)i^~\u) - k 



7i + 72 



< k 



72 - 7i 



M^)- 2(^1 + ^2) / h{u)du 



f 

Jo 



< 2(72-71)11/^11- 



(5.2) 



Assume the kernel K{t,u) satisfies the condition (5.1). Then A; (72 — 71) < 1 and the 
inequality (5.2) contradicts to Lemma 5.1. This completes the proof. 

Proposition 5.3 Let k > 2. Let the kernel K{t, u) satisfies the condition (5.1). For 
every Ai > 0, A2 > the Hammerstein's system of equations 



Hkf = Ai5f, Hkg = A2/ 
has not solution (/, g) e {C+[0, 1])^, f ^ g. 



(5.3) 



Proof By Lemma 4.2 the system of equations (5.3) is equivalent to the following 
system of equations 



K{t,u)f^{u)du = g,{t), / K{t,u)g>l{u)du = f,{t) 



(5.4) 



By Theorem 5.1 the equation (5.4) has not solution in {Cq[0, 1])^. Hence the equation 
(5.3) has not solution in {C^[0, 
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Theorem 5.4 Let k >2. If the kernel K[t, u) satisfies the condition (5.1), then the 
system of equations (2.6) has not solution in {Cq[Q, l])'^,fj^g. 

Proof Assume there is solution {fi,gi) G (C'^[0, 1])^, i.e. 

Akfi = gi, Akgi = /i. 



By Lemma 4.1 the functions /2(t) = ^fi{t) and g2{t) = \/gi{t), t e [0,1] satisfy the 
Hammerstein's system of equations, i.e. 

Hkf2 = Ai^2, Hkg2 = A2/2 (5.5) 
where Ai = u{fi) > , A2 = uj{f2) > and (/2,£/2) G (Mo)^ 

On the other hand by Lemma 4.2 there exists (/a, 5^3) a solution of the Hammerstain's 
system of equations: 

Hkfs = 5'3, Hkg3 = /a. 
But this is contradicts to Proposition 5.2. This completes the proof. 

6 Existence of periodic Gibbs Measures for Model (2.1): Case k = 2. 

In this section we construct a function K[t, u) such that corresponding equation (2.6) has 
a solution (/, g) with f ^ g. Put 

1 - hncl \f^^ ( d{u - \y - 4) ' 

Kn{t,u)^ ^- /! .2 ^ ^ , f,«e[0,l] (6.1) 

where 



2\ , 1 /"2 1 



(n-l) ^ 



Lemma 6.1 For all t, w e [0, 1], the following holds: 

lim Kn{t,u) > 0. 

n— >oo 

Proof It is easy to see 



limKr,{t,u)>0 ^ lim (^1 - br^cl^^j^^ (^^ {u - - 4^ | > 0. 



We have 



n—¥oo n— >oo 



(n-l) 



lim bn = lim ( f 1 + - ) = ^, 



lim c„ = lim 

n— >-oo n— >oo 



^27_i (2+^)2 -V8 



Then 



3ri/ i I f 1\ .\ „/. 1 



Umif„((,„)>0 « Ita l-6„4f/u-- y -4 f/«--|> 
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Corollary 6.2 There exists no such that for every n > uq the function Kno{t,u) 
is a positive function. 

Proof Straightforward. 

Theorem 6.3 The system of Hammerstain's equation: 

/ Kno{t,u)f{u)du = git), [ Kn,{t,u)g\u)du = f{t) (6.2) 
Jo Jo 

in the space (C[0, 1])^ has at least two positive solutions with f ^ g. 
Proof Let 



f[^'\t) = 1^ - i + 2j , gt'\t) = 1, t e [0, 1], 

Then (/f e (C[0, 1])^ and positive, 

(a) Consider the first equation: 

/ K„,{t,u)f\u)du^g{t). 
Jo 



2 l'-2'^ 



I' Knoit, U) [ft''\u))"du = 1-^' -^f^- 

where u\ — u — \, ti — t — \. 

(b) Now we consider the second equation: 

f^K^,{t,u) {gt°\u)ydu^fr{t). 

/ / — 7^7^ — 

Let Ml = M — |, ti = t — |. Then 

1 C2( "^1*7+ 2)2 J_i ('yuI+2)2 
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By symmetry of {f,g) we have {gi° (t) , fi° (t)) is also solution of (6.2). 
This completes the proof. 
Prom this we get 



Theorem 6.4 The model: 

^1 - ^no< ^^(x) - I ( - i)^ - 4)' - i 

on the Cayley tree has at least two periodic Gibbs measures. 

7 Existence of periodic Gibbs Measures for Model (2.1): Ceise k — 3. 

Lemma 7.1 Let a E R. Then for every odd (even) function ip{x) G C[0, 1] the 
following equation holds: 

ip{x) (p(x)smx{3 + sin^ x) 

ax — —2 / ax. 



1 + sina;)^ Jq cos^ x 

° Vi^) _ o r y^(x)(l + 3s 
_„(l + sina;)3 7o cos^x 



Proof Let (/?(x) be odd (the case even is similar) function 

J -a (1 + sm a;)3 (1 + sm xf J_a (1 + sm x)^ 



Put 



(l + sinx)^ Jo (1 — sinx)^ Jo cos^a; 

-1 _ 22 • 7r(2t-l) . 7r(2M-l) 

a3(l + sin^^^^)3 ' ' L , J, V y 

where a = It is easy to see that K{t, u) is a positive and continuous function. 

Theorem 7.2 The system of Hammerstain's equations 

/ K{t,u)f{u)du^git), [ K{t,u)g'{u)du^fit), (7.2) 
Jo Jo 
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in the space (C[0, 1])^ has at least two positive solutions with f ^ g. 
Proof (a) Denote 

7r(2t- 1) 



hit) = a (^1 + sin ^^^^^) , ^1 W = 1, [0, 1], 



where a — Then G (C[0, 1])^ and the functions /i and g'l are positive. 

Consider the first equation of (7.2) 

u)fl{u)du = 1 - — sm ^ g ^ sm ^c/ii = 1. 

(b) Now we check the second equation. 

/•I 1 _ 22 j ^(2t-l) j ^(2t^-l) 

K{t,u)g!iu)du= - \ ; du. 



Let ti = f (2t - 1), Ml = f (2m - 1). Then 



/f 
K{ti,U])gl{u])dui 



3 1 — 11 sin ti sin Ui 



17 



2a^TT \ l_E (1 + sin Ml) 

3 ^ ' 



dui — 



1 22 

1 I 7 ^dui sinti 

2a% \J_. (1 +sinMi)3 17 



/I 
3 sm 
(1 + si 



Ml 



sin Ml)" 



dui. 



By Lemma 7. 1 LHS of this equality is 
3 



2a3 



TT 



tl + Ssin^Mi , , 22 ^ , /"s sin^Mi(3 + sin^Mi' 



cos" Ml 

V3 



g c^Mi + — sin ti 



COS^ Ml 



dui 



r 22 /"Vo 

y^ (1 + V)(l + ?/')(iy+— sintiy^ y2(3 + V)dy 

198\/3,^ . , 198^3/ . 7r(2t-l)\ 
= + sm ti = 1 + sm ^ ^ = fit). 

By symmetry of {fi,gi) we have {gi{t) , fi{t)) is also solution to (6.2). 
This completes the proof. 



Theorem 7.3 The model: 



1 / 1 _ 22 „• 7r(2a(a:)-l) • n{2a(y)-l) 



<x,y> 



a" 



[1 + sm -^^ — Y — ) 



on the Cayley tree has at least two periodic Gibbs measures. 
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8 Existence of periodic Gibbs Measures for Model (2.1): Case k > A. 
Denote 

fci(l-©'-^)-2(l-(5)'-')' ' 

Lemma 8.1 For every A; e TV, A; > 4 the following inequality holds: |cfc| < 4. 

Proof For /c > 4 we have 

2 (1 - (^)fe-^) 2 2{k-2) 

'''' " + ^ ^ 

Thus 

Hence |cjfc| < 4 for A; > 4. 

For each A: > 4 , a > we define the continuous function 

K{t,u,k) = 1 + e [0,1]. 

By the inequality (8.2) it follows that the function K{t, u, k) is positive. 

Theorem 8.2 For each A; > 4 the Hammerstein's system of equations: 

K{t, u, k)f\u)du = g{t), f Kit, u, k)g\u)du = f{t) (8.3) 
JO Jo 

in (C[0, 1])^ have at least two positive solutions with f ^ g. 

Proof Let k > A. Define the positive continuous functions /i(t), g\{t) on [0,1] by 
the equality 

= 5ri(t) = l 



where 



a — a{k) — 



fc+i 



A:- 1 



1-U , A;>4. 



It is easy to see that a > 0. We shall show that {fi,gi) is a solution to the Hammerstein's 
system of equations (8.2). 

We shall check the first equation. 

15 



1 + Cfc(t — - ) { u — - ] ] du— 1 + Cfcti / uidui — 1. 



Where ti — t — ^ and Ui — u — j. Hence 

' K{t,u,k)f^{u)du = g,{t). 
Now we shall check the second equation. 

/ —r-, TTTdu+ [ , . ^'^^ 1 w du = —r i f -, Trdux + ChU [ -. — , , dui 

(where ti = t — ^, Ui = u — ^) 



k — 1 



1- TT + 



k-2\ \3 / /c- 1 I V3 



_ 2 (1 - (i)^-^) Afe - 1) (1 - i j)'-') - 2(fc - 2) (1 - (1)^-^) 

S (1 - (i)'^-^) - 2 (1 - I 2ik - 2) (1 - 



2 

Moreover, {gi{t) , fi{t)) is also solution to (8.3). 



Theorem 8.3 Let A; > 4. The model 

on the Cayley tree V'' has at least two periodic Gibbs measures. 

9 Existence of four periodic Gibbs Measures for Model (2.1). 

Denote 

Cij{m)^ — — — \ — — , {n,m,p) e N X N X No, l<i,j<n, 

m + 2[i — I) + 2[j — 1) 

j^(jn,p) _ ^_ci^M_^ be n X n square matrix. 

If n e {2, 3} then it's easy to check det(A^"''^^) 0. 

Put 



^3 J I 6 I ' 1 "22 I - V ^3 
^ois/ ' \0/ \a23 



J 



J_ 

^20/ 
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and 

where (^A^'^^^ is inverse of A^''''\ 
So we define following functions: 

ipi{u) = an + ai2W^ + aisu^, '^2{u) = a2iu^ + 0221*^ + 023^^, 

i^i(t,«;A;) = ^iH (^^20^4 + ^-1^ +V;2(«) ||^6t2 + i-lj , 
/r2(t, «; A;) = ^3(«) (^yt^Tfl - 1) + ^4(«) [W+l - 1) , 

^(t, u]k)^l + Ki{t, u; k) + K2{t, u; k). 
Remcirk 9.1 There exist ko E N such that for all k > ko the following inequality 

holds 

_ / 1 1 \ ^ 



Finally 



K(^t-^,u-^;k^>0, {t,u) e[0,lf 



Proof It is sufficient to show: 



\imK(t-]-,u~]--k]>0, it,u)e[0,lf 



Let 7 : [0, 1] — >■ [m, M] be a function, m > 0. 
We have 



Hence 



fc— >-oo 

and 



= lim {^-1) < lim ( - 1) < 1™ (^-1) = 0. 

fe— >-oo fe->oo fe— >oo 

lim(V7W-l) = ^YimKAt-]-,u-\-k]^Q, ie{l,2} 



lim K ( t - - -;A; 1 = 1 > 0. 
fe— >^oo V 2 2 



This completes the proof. 

Lemma 9.2 If G {1, 2}, then 

(z) |j0,(„yfcd„=l(l+(-lf+i), 
1 

(m) y ^V3(«y'+V« = Y^ (1 + (-!)'), 
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(iv) l~[ Muy^'du = ^ (1 + (-1)'^') • 



Proof For fee {1,2} 

i ill 
(z) y ' ^liu^'^du = an j\ u^'^du + j\ u^^^+'^du + aisj'^ u'^^'+^^du = 



flu _| ai2 |_ 0^13 



A^{2k + l) 4^^+1(2)^ + 3) 4'=+2(2A; + 5) 

= «ii X cg,,,(l) + a,, X ci°i,,(l) + x cf^,^,{l) = ^ (l + (-1)'=+^) ■ 

1 ill 
{ii) j\ M^y'du = a2i y ' M^^'^+^^c^^ + a22 (i« + ass J] u^^'^+'^du = 



^21 _|_ ^22 _|_ ^23 



4'=(2A; + 1) 4'=+i(2/fc + 3) 4^+2(2^ + 5) 

1 

12 



= «2i X 4!ii,i(3) + a22 X c«i,2(3) + a23 X c2i,3(3) = (1 + (-1)'^) . 



1 1 

{III} I ip2,{u)u^^^^du = hii I u 

= 6n X cg(5) + X cg(5) = ^ (l + (-1)'=) = ^ (l + (-1)') • 

i i i 

{iv) r M'^^y^'du = r u^^^+'^^du + 622 r u^^^+^^du = 

= 621 X cg(7) + 622 X cg(7) = ^ (1 + (-1)'=+^) . 
Lemma 9.3 The function ipo{u) = 1 is a fixed point of the operator Hk : 

(Hkm)^ J^' K(^t-^,u-^-k^f\u)du, k>2 (9.1) 

Proof Let ui — u — vi — v — ^ then 

= / Ki{ti,ui]k)-\- K2{ti,ui]k)]dui = l-\- i Ki{ti,ui; k)dui+ K2{ti,ui; k)dui. 

Now we'll prove the following 

1 

J'^Ki{ti,ui;k)dui^O, ie{l,2}. (9.2) 
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Case: i = 1 



1 1 

2 /" 2 



Ki(ti, Ui] k)dui 



1 I _\_ 

2 2 



^i(Mi) I {/20tl + ^ - + ( TO! + ^ - 1 



dui 



.1 .1 .1 



4 



^20^^+1 - 1 j (an X cS°;(l) + a,, x cg(l) + a,, x cS°)(l)) + 
+ ( ^6^? + ^ - 1 j (a2i X cg(3) + 022 X cg(3) + 023 x 0^(3)) = 0. 



Case: z = 2 



1 1 1 

J'^K2{h,ui;k) = J'^^Jaiui) (^\^WTtj dui + j'^ ij^{ui) (^\/t^ + l) dui 

It's easy to check for j e {3,4} the functions ipj{ui) is odd, i.e: 

1 i_ 
/ ipj{ui)dui = Q =^ / K2{ti^Ui]k)dui = 

Thus we have proved 

/"I /"i 
(fffe(^o) W = 1 + / tii; + / ^ ^2(^1, Mi; = 1. 



This completes the proof. 
Denote 



Theorem 9.4 For all k > ko the Hammerstein's system of equations: 



1 



y'K(^t-^,K-^;^^/'=Hd«=<7(0, (^t-^,M-^;^)/Hd« = /(t) (9.3) 

in (C[0; 1])^ have at least four positive solutions with f ^ g. 
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Proof We'll show 



f2{n--\ 1, {f2{u--], hlu- 



and 



1 



1 



^M^-o ' 92[u-- , \92\u-- , 91 \u-- 



1 



are solutions to the system of equations (9.3). 

At first we'll prove {fi{u — |), f2{u — |)) is a solution to equation (9.3). 
Let u — ^ — Ui, t — ^ —ti. Then 



/ [1 + Ki{ti, ui; k) + K2iti,ui; k)] f^{u^)dm. 
Jo 



It's easy to see that 

K2{ti,-ui;k) ^ -K2{ti,ui;k), fi{ui) ^ fi{-ui), i e {1,2}. 

Hence 



K2{ti, -Ui, k)fi{ui) = -^2(^1, «i; k)fi{ui) / K2{ti,ui; k)fi{ui)dui = 0. 



Thus 



Case: i — 1 



Wi) (t--]= {Hkh) (ti) = / [1 + Ki(ti,Mi; k)] ft{u,)du. 



{Hkh) (^t - = (//,A) (ti) = J[[l + K,iU,m;k)] 

= J ^ (^6ul + ^dui + J ^ Ki{ti,ui; k) {^ul + dui 

1 1 
1 + 6 J Ki{ti,Ui;k)uldui + ^ J Ki{ti,Ui; k)dui — 



''''Gul + ^ I dui 



By (9.2) we get 



1 + 6 



Mui) I \ 20ti + 7-11+ M^^i) I \76t? + ^ - 1 



uldui 



1 + 6 {/20tf + - - 1 / M^'iHdui + 6 {/6tf + - - 1 / i;2iui)uldu 
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By Lemma 9.2 

j ^ ipiiuijuldui = ^, J ^ ii2{ui)uldui = 0. (9.5) 
By (9.2) and (9.5) we obtain 



(Wi)U-i)=l+|{/20tf + ^-l 



Case: i = 2 



2 

By (9.2) 



{Hkf2) ={Hkf2){ti) = J[[l + K,{h,u,-k)]f^{u,)du,= 

^ J^^Ki{ti,ui;k)dui + 20 J^^ Ki{ti,ui; k)uldui + J^^ ^20^^ + dui ^ 



= 1 + 20 j^^Ki{ti,ui-k)u\dui^ 
= 1 + 20 I ^20^1+^ - 1 j Vi(«i)wtc?wi + 20 I ^6^2 + i - 1 j j ' ^xl^2{ui)u\du^. 



By Lemma 9.2 

i_ 1 



2 2 



(iJ,/2) ( t - 1 ) = 1 + ( {/et? + ^ - 1 1 = (76t? + ^ = /i(ti) = /, ( t - 1 ) . 



Then 

By symmetry of (/i, /2) we have (/2, /i) is also solution to equation (9.3). 

Now we'll prove [gi{u — ^),g2{u — |)) is a solution to equation (9.3). 
For i e {1,2} 

{H^gi) (^t-^^^ J^' K(^t-^,u-^;k^ g\ [u -^^du^ J K{t,, u,; k){l+uf+')du^, 
where Ui — u — ti — t — ^. Then 

(Hkgi) (^-0 = J[K{ti,Ui;k)dui + J'^K{ti,Ui;k)uf+^dui^ 
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By Lemma 9.3 



Hence 



/ \ i - 

{Hkgi) \^-]^=l + y Jl + ui; k)]uf+'dui + ^ ' ^2(^1, u,; k)uf^'du, (9.6) 

One can easily check that 

Kiih, -ui; k) = Ki(ii, ^xi; k) ^ K^{h, -m; k){-uf+^) = -Ki{ti,ui; k)uf+\ 

then ^ 

J'^Ki{ti,Ui;k)uf^^dui = 0, i e {1,2} (9.7) 

By (9.6) and (9.7) we obtain 

/ \ - - - 

{HuQi) = 1+ j\ y^f^^du^+ Xi(ti,Mi;A;)ii?^+^rfiii+ K2{tuU^-k)u^^+^du^ = 

1 

= 1 + K2{ti,ui; k)ul'+^dui = 

Case: i = 1 

{Hkgi) (t'l^ =l+(y^i + l-l) y' ^3(«i)«?c?«i+(^^t? + l-l^ Jy^{u,)uldu, 



By Lemma 9.2 



Then 



/ '4'3{ui)uldui — 0, / 'ilj4{ui)ufdui — 1. 



Case: i = 2 
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By Lemma 9.2 we get 

Thus we have proved 

{Hk9i) - ^) = 32 - ' i^^g^) - = ^1 " • 



Theorem 9.5 Let A; > k^. The model 

^ <x,y> ^ ^ 

on the Cayley tree has at least four periodic Gibbs measures. 
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